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Kernel Estimates of the Derivative
of Regression Curves

Wann-Jyi Horng

ABSTRACT

In nonparametric regression estimation, the estimation of the derivatives of regression curve is
already investigated. As the domain of density function is bounded, it is known that the kernel
regression estimator of Mack and Miiller (1989) will also encounter the problem of the boundary
effects for the estimation of the derivatives. In order to improve the boundary effects and bias
reduction, one follow the idea of the minimizing quadratic form to construct a new kernel
regression estimator in this paper. The new proposed estimator, the compact form of the asymptotic
bias, the asymptotic variance and some properties are given. Besides, the proposed estimator will
not produce the boundary effects and be improved the kernel regression estimator of Mack and

Miiller (1989) as above, its convergence rate is achieved » ,ford=12,...p21.
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Kernel Estimates of the Derivative
of Regression Curves

1. Introduction

Let (X, Y),....(X , Y ) be a sequence of independent and identically distributed (IID) random
variables with a common unknown joint probability density function f (x, ¥). In the literature,
various estimators for m@(x), based on a random sample (X, Y)),....(X, Y ), have been proposed
and their properties are studied, for example, the books of Wand and Jones (1995), Simonoff (1996),
Silverman (1986), Fan and Gijbels (1996) and Prakasa Rao (1983). A kemnel regression estimate for

m@ is defined as follows:

7 D(xsh) = 1“2":,(«1){)‘—)9} Y (1.1)
I = o rx)

where K is a symmetric kernel function and A=h(n) is called the bandwidth or smoothing parameter.
Here @ is d-times derivative of /&, for all d 2 1.

This estimator (1.1) is called the kernel regression estimator of Mack and Miiller (1989) as d 2
1. The studied of m@ can also refer to, for examples, Gasser and Miiller (1984), Ruppert and Wand
(1994), for d 2 1. When point x near the boundary of their support, the kernel regression estimator
(KRE) (1.1) has been suffered to a seriously problem of boundary effects. About some boundary
modification methods have been proposed by, for examples, Fan and Gijbels (1992), Fan (1993) and
Miiller (1993).

In this paper, researcher will relax the constraint that the kernel density function has to be a
bona fide density, and propose a new KRE that it does not encounter the boundary effects. In this
paper, proposed method is used the nice property of minimizing quadratic form ( or least squares
method). In order to get the new KRE for estimating m'9(x), researcher first introduce the

minimizing quadratic form (MQF) which is given by

m>inQ(5) - m>in(t> _ AR - 43) (12)
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where A is an (p+1) X(p+1) symmetric matrix of constants, Fis an (p+1) X 1 vector of constants,

and & is an (p+1) X 1 vector of unknown parameters. Here A and 7 are defined as follows:

Se S S, - Sp
Sy 8 8 o Spu
A= ,
LSp Spa1 Spy2 0 Sap |
1 y—x y—x_; (1.3)
S =—[k Y=Xyi
J hI { P }( Y
1 & X, —x X, —x Y
e =—> (— )kK{ J } i, (1.4)

1 1
for all j=0,1,.....2p and j=0,1,...., p; & = (04, 0,....00) and 7 = (f,, £,,..0rt).

For notation convenience, let

[ So -+ Sqn to Sam v S,
S, o+ Sz 4 Syen Sp+l
Tp+1,d = o ' . . . s
_SP e Sp+d—1 tp Sp+d+1 cee S2p |
(S, S - S, 1 Sy e S,
S 8, o Sy (X-xyn S, S,
X, —x
Up“vd(T) =| - . . . . -,
_SP SP+1 e Sp+d—1 ((Xx _x)/h)p SP+d+1 e SZp i

foralld =1,2,...p 2 1. From (1.2) and the features of the MQF, one will construct a KRE such that
it does not have the boundary effects. In practice, the new KRE is easily constructed by minimizing

quadratic form as above. Now, one minimize (1.2) with respect to &, denoting the solution of & by &
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Furthesr to calculate at (1.2) and use the Cramer’s Rule, the estimator of 2(1, d=12,..,p can be

expressed as

= g(p{i)](x) = r#lﬂ = g(lﬁ(X;hl)
A —Xx
Upa(—)
n p+ld _
- =Y L K{Xf x} L, (1.5)
kS|4 w10
where T .00 Aand UM ) are defined as above, ford=1,2,...p 2 1. Here | .| is the definition of
determinant.

Let (d!) g (p‘ﬂ (x;h) :ﬁi(p‘?l (x;h). Here one uses the estimator of rh(p‘ﬁ (x; h) to estimate m‘9(x), for
alld=1,2,..,p21. From (1.5), we known that it does have a nice property which is given by

lJ'K{u—x}U u—x
h h

(1.6)

s

pra )

for all g = 0,1,2,....d-1,d+1,..., p 2 1. We know that the result of (1.6) as above is true by the
properties of linear algebra (Anton, 1984).

The procedure of estimation of m@ by ﬁz(p‘f)l {(x;h) can be further improved the KRE of Mack and
Miiller (1989), because it does not have the problem of boundary effects and be proved in the next
section. The bias of rh(p‘f{(x; h) can be also reduced and it is also a weighting KRE. This paper is
organized as follows: In section 2, one investigates the asymptotic results of ﬁz(p‘f](x; h) and gives
the explicit formula for mean integrated square error (MISE) (or mean square error, MSE) and

optimal bandwidth. In section 3, one gives the proofs of the asymptotic results.

2. Asymptotic results

In this section, we investigate the asymptotic results of ﬁz(i)l(x; h). Before we state the
asymptotic results we will give the following assumptions:
(A1) Let (X, Y),....(X, X)), as before, be independent and identically distributed with the joint
density function f{x,y), m(x) and f(x) are bounded on its domain, and continuous at the point X,

m@(x) and f@(x) exists, for ¢ = p+1 and p 2 1. Let v(x) = E[Y?| X = x] is bounded on its domain
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and continuous at the point x.

(A2) K and W are kernel functions and it satisfies.

() limsup|z¥"P K(2) ’< o , (i) limsup ’Zk””l W(z)l< © ,

|2 |>e0 |z [
(iii) , (v) and
lim sup ‘ K (2) ’ < limsup . K K (2) |< ©
zZ—>—a0 z©

(v) limsup |22 W(z)|<0 forall k2 1andp2 1.

| 2|

For notation convenience, let

[ m Hp o Hp |
i H2 Hy o Hpp
Dp+1 =
| Mp HMpi1 Hpi2 o Hop |
[ Bo o Haor Hpyl Has1 o Hyp |
Hi o oo Mgyt Mpi2 Hgrasr o Hpyg
Jp+1,a =
L Hp o Mpid-1 Mopsr Hpader o H2p |
T S T2 S G T OR S T
Moo Mgy ¥ Mgy - Hpn
Np+1,d =
L Hp o Hpia u? Hp+d+l - Hop |

foralld=1.2,..p21.

Let us now give the asymptotic results of the estimator mgﬂ (x; h). In the following theorem

2.1, one gives the asymptotic bias and variance of the estimator at the point x € (—oo, o).
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Theorem 2.1. Assume that conditions (A1) and (A2) — (i) are satisfied. And suppose that h — 0

and nh —> oo, as n —> oo, then the asymptotic bias and the asymptotic variance of the estimatorﬁl(g)l(x;

h) at the point x € (—eo, o) can be given by

o~ d' - |J +1d| _

Bias|m'® (x;h) |= ———p 74| L2221 | gD () 4 (BP9 21
[sesn 1= =5 [|DM (x) + o(h™"~4) @1
~ (d) (d) v(x) J.—ooK (t)[le+1,d| ]dt 1 -

Var [m H(x;h) ]: S 5 +0 — , ( . )

P nh f(x) UDp+1 ] nh**
where H; = f: v KW@y | forj=0,1,..2 p+l. (2.3)

By the result of Theorem 2.1 as above, we do not need to require that the kernel function has
the mean of zero and integrates to one here. If y =0, j is odd, the bias of ﬁ1(p‘2 (x;h) can be reduced.
The details can also refer to Gasser and Miiller (1979). Therefore, the proposed method can help us
to construct a high-order KRE.

If mP+1)(x) is a continuous function and square integral on (—eo, o), we will have the following
theorem about the MISE of the estimator r'n(p‘f} (x;h) at the interior points.

Theorem2.2. Under the assumptions of Theorem 2.1 and assume that m'¥(x) is continuous, then the

MISE of %) (x;h) is

1
MISE(n;h) = h2p+2—2dB+n—1h—2d—1V+0p[ h2p+2—2d+W ] , 2.4)
> [enal |
! ®
where 5 = 2| Ll |7 [0y T 2.5)
@+ | D] |7 : '

and ¥ = (@’ [” 1;((;6))dx (1m0 ¥, Y/ [, T) 2.6)
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with g1 (j =0,1,...,2p+1) is defined as above andd = 1,2,....p 2 1.
From the result of (2.4), we can get the optimal bandwidth h for minimizing of MISE, denoted

by h(opt) and given by
h(opt) = M -n7"® ) (1+0(1)) | 2.7)
2d 1
+1 (2543 p-1/2p+3) 1 1/2p+3)
= (——m—07m—— B p -V P
where (2p+2—2d) , (2.8)

with B and V defined at (2.5) and (2.6), respectively.

Remark 1: The optimal bandwidth h depends on the kernel function K and the function m@*D(x). In
practice, we need to choose of the kernel function K and the adaptive estimator of m®*+D(x). From
Theorem 2.1, we can take the optimal (or Epanechnikov) kernel function, for example, K(u) = 0.75
(1-u?), for all ue[-1, 1]. To choose the smoother parameter h can refer to, for examples, Silverman
(1986) and Hirdle (1991).

Next, one considers the boundary problem of the estimatorﬁz(p‘f)l(x; h). At this time, the domain
of m(x) is [a,b]. Without loss of generality, one only considers p = 1 and d = 1 case. In fact, we
only need to consider the left and right boundary points here. One first investigates the behavior of
m(x;h) at left-boundary points. Setx = a+nh with 1 > 12 0. In the following theorem we give the
asymptotic bias and the asymptotic variance at left-boundary points.

Theorem 2.3. Assume that condition (A1) and (A2)-(iii) are satisfied. Furthermore, suppose that
m®)(x) is right continuous at the point a, # — 0 and nh — . Then, the asymptotic bias and the

asymptotic variance of ﬁz(g Xx;h) at the boundary point x = a+1h can be given as follows:

Bias [rﬁél)(cf;h) ]= lh HonHan = “1’"?2’" m®(a*) + o(h) , 2.9)
2 “’0,11 ”’2,7] - ”’l,n
n 2 2
3 YN R <11 IR T
var [ (a*;h) |= _;I_BV ("+)I U L (2.10)
n f(a ) Il’l(),n p’2,n - “’l,‘q] nh
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noj .
where 1, = j © VKav , forj=0123. @1
Secondly, we investigate the behavior of )(x;h) at right-boundary points. Given x = a+nh
with 1 > 1 2 0, applying the way of Theorem 2.3, we have the following theorem.
Theorem 2.4. Assume that conditions (A1) and (A2)-(iv) are satisfied. Furthermore, suppose that
m@(x) is left continuous at the point b, #— 0 and nh —> co. Then, the asymptotic bias and the

asymptotic variance of m)(x;h) at the boundary point x = b-nh can be represented by

Bias[m0@;h) |= La| Honbon “Hiaban 100y 4 o) (2.12)
2 u(),m HZ,nl - p’l,n,
© 2
2oy | KO [, -, Jat
Var [ﬁ(zl)(b_;h) ]: _%V (Z_) j‘ﬂ om, - t, - +0[%j s (213)
n f( ) [HO,Th uz:ﬂl - u1"11 ] "
where ;- =J'°° v K(W)dv , forj=0,1,2,3. (2.14)
211 _n

The proof of Theorem 2.4 follows that of Theorem 2.3.
Two immediate corollaries from the Theorem 2.3 and Theorem 2.4 can be stated as follows:
Corollary 1. Under the assumptions of Theorem 2.3, we have the mean squared error (MSE) of

m'(x;h) at the left-boundary points which is given by

MSE(m;h) = h*B" +n bV +o,(h*+n"'h7) (2.15)

2
where B = l HonHan — ulnuzn :| (m (2)(a ))
4 H'O,n"‘lZn p’ln

and V” {I K*(1) [uOn u;n]dt/ [P-onHzn uln]}‘}((z ,

with g is defined as above. (G=0,1,2,3)
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Corollary 2. Under the assumptions of Theorem 2.4, we have the MSE of m(g)(x;h) at the right-
boundary points which is given by

MSE(n;h) = B*B” +n"'h V™" +o0,(h*+n"'h7) (2.16)

* 1 |: Ho,mulm —_“]s"h HZ,nl
2

where B = Z
l—lo,m p’Z,nl - ”’ I,

} m®@®)

V(b))
f@)

and V"~ :{.[: K*(1) [“o,n,t ~ Mg, ]Zdt/ [Ho,muz,m - “12,111 ]2

with M, is defined as above. (j=0,1,2,3)

From Theorem 2.1 and Theorem 2.3-4, we can obtain the following corollary:
Corollary 3. Assume that condition (Al) and (A2) are satisfied. And suppose that # — 0 and
nh2#+! — oo as n — oo, then the asymptotic bias and the asymptotic variance of @) (x; h) at the

point x€ [a,b] can be given by

Bias[#%,(x;) ] = o(h"*) @.17)

p+1

_ 1
Var [, (x; )] = 0( ;h—zﬂ] , (2.18)

Remark 2: It follows from Theorem 2.3-4 that the estimator rh(:f)l(x; h) does not have boundary
effects. Its rate of convergence is indeed improved the KRE of Mack and Miiller (1989). Applying
the minimizing quadratic form method, it does not require modifications on the boundary regions.
The bias of proposed estimator is achieved O(_hl’“‘d) and the optimal bandwidth of h is achieved
O(nﬁ).
Remark 3: The estimation of regression curves can also refer to the method of local linear smoother
by Wei and Chu (1994) and Fan and Gijbels (1992) for estimating m(x).
Remark 4: The estimator of rh(p‘f)l(x; ) is depends on the density function f(x).

As f(x) is unknown, we need further to estimate ﬁzgjﬁ(x; #) such that it is a practical KRE. The

details can refer to the paper of Mack and Miiller (1989).
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From Theorem 2.1, we can obtain the asymptotic distribution of m(;{)l(x; h). Due to the
asymptotic distribution can help us to construct the confidence interval. Therefore, we have the
following theorem.

Theorem?2.5. Under the assumptions of Theorem 2.1, and that nh?3— 2> 0asn— oo, we have

241 ~(d)l h)—m@ N o’
Yo [ 5 ) =) > Moo 2.19)

in distribution as n — oo, where

@ | el | o

p+l

and

, Vi(x) J‘_Z K@) [| N, g l ]zdt

33(x) = (d) 70 [ID ]2 )

ford=12,..p21.

3. Proofs: In this section our main purpose is to prove Theorem 2.1-5. First, one will introduce four
auxiliary lemmas which is given as follows:

Lemma3.1. Assume that m(-) and m®)(-) are bounded on [a, b}, and right continuous at the point a.
Set x = a+nh with 1 > 17 2 0. Furthermore, suppose that A — 0, nh3 — o and the condition (A2)-

(iii) is satisfied. Then

51 U—x u—x .,
aZK{ P }( ) 8du 3.1)

- %hzm@)(w) j L K™ 2dv(l+o0,(1)

1
5 h Zm(Z)(a+) ) um+2,11 (1 + Op (1)) ’
where g(u) = m(u)-m(x)-m(x)(u-x) and

n 2
Mmizn = [ K" 2dv

2

forallm=0,1,2....

268



£ % K
£ 1259 ~274

B & % A &
Fépsren e &4 ) %+ AM (RHE 93
Proof: The proof follows the Lemma 1 of Fan and Gijbels (1992).

Lemma3.2. Assume that m@)(.) and L(-) are bounded on [a, b] and right continuous at the point a.

Let x = a+nh with 1 > 112 0. Furthermore, suppose that (A2)-(v) is satisfied and 4 — 0. Then

b1 U—x |, U—X _,
| ;W{ p }( = )" L()du (3.2)
= L@")[" wEvrav(i+o,(1)

= L(a" )i, (1+0,() ,

~ n
where My = [ WEW"dv

Proof: The proof follows that of Lemma 3.1.

Lemma 3.3. Assume that m®+1)(.) are bounded and continuous at the point x € (—oo, =) for all p 2

1. Furthermore, suppose that # — 0 and the condition (A2)-(i) is satisfied. Then

w ] u—x U—X
j_sz{ p }( —— )" g (u)du (33)

B mPHD (x)j_“’ K@Ww™"dv(1+0,(1)

T (p+D)!
1 +1 +1
= (p+l)'hp m(P )(x)p'm+p+1(1+op(1)) El

Where Hm+P+1 - J‘w K(V)Vmﬂﬁldv and

g(w) = mu) — m(x) — (u — x)m® (x) _..._i'(u —x)? m?(x)
P :

Proof: The proof also follows that of Lemma 3.1.
Lemma 3.4. Assume that m®*+1)(.) and L(-) are continuous at the point x € (—eo, o). Furthermore,

suppose that 2 — 0 and the condition (A2)-(ii) is fulfilled. Then
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[ lW{ X }( Xy L (u)du

=7 ; , (3.4)
= L(x)j_“; W (v )v"dv(l +o,(1))
= LR, (+0,Q) ,

—~ o0
where Hm = I_wW(V)deV .

Proof: The proof is similar to that of Lemma 3.3.
For convenience, let B, = SOSZ-SIZ, and S}, is defined at (1.5), for j = 0,1,2,3.
Proof of Theorem2.3. Set x = a+nh in Theorem 2.3. From the evaluation of the bias of the

estimator AUx;h) which is given by

U

=] K{ }[So( )-S5, ]m(u)f(u)aru/B1

=) =5, Jntw)dul B

i b u—x Uu-—x., a (1)
+ IK{ p }[so( )-S5, ku - x)ym® (x)du/ B,

+ij”1<{ 28,5 =S, Tm) = m() (= xm® (x) Jdu ! B

1 ¢5 Uu—Xx u—x
FLK{ h }[S"(_h_)_s‘ Jeu-x)g()dul B (3.5)

h

u—x | (u—x) 1 b u—x
K{ ; } p g(u)du—FSlLK{ p }

(by ij{”f}[&(”"‘)—& Ju=0

R o
|-

g(u)du ]/ B,
where g(u) = m(u)-m(x)-(u-x)m(x).

For convenience, let M(1) = (U4, nuz_n—ul?n). Applying (3.5), Lemma 3.1 and Lemma 3.2, we

have
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E[m®@*;m)]
= mO@)+~n[ Jm® @ )a+o,@)/Mm)1+0,0
=m (a )+5 p’O,n“‘},n _“1,11,“"2,11 m (a )( +0p( )) ( (Tl)( +0p( ))) ’
apply x = a+nh — a*, as h — 0; thus, the proof of the asymptotic bias is proved.

Next, we calculate the asymptotic variance of m)(x;h). The estimator #A(!)(x;h) is rewritten as

below:

~ (1 < i X .
FOCh) = Zn_;IFK{ At }[Sa( ' o )/ G0

Jj=1

Applying the evaluation of the variance, we have

Var [171 O(x; h) ]

_ 1oy D) 2
= {K{ }[S( Xy S]}v()f() 1/ B
1 b Uu—Xx Uu—Xx 2
_,{{WLK{ p }[SO( p )—Sl]m(u)du/Bl}}
-1 bl{]{{u_x }{S camly W 1}}2\]2( ) du/B +0£ L ]
nh’7e h h f) nh’

(by the calculation of the bias, Lemma 3.1 and Lemma 3.2.)

Vi)
ok f(x)

f L [uo,an (D= n,, K@) ]zd’/ [uo,n Hap = Wiy I+ Op(‘n,ll—sj ' (3.5)

Applying x = a+nh — a*, as h — 0, the proof of the asymptotic variance is proved. Hence the
proof of the Theorem 2.3 is completed as above.
Proof of Theorem 2.4. The proof follows the same techniques of Theorem 2.3, at this time, x is
replaced by b-nh.
Proof of Theorem 2.1. The proof follows the same techniques of Theorem 2.3, at this time, Lemma

3.1 and Lemma 3.2 are replaced by Lemma 3.3 and Lemma 3.4 for x € (—oo, o). Here we are also
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used to the good properties at (1.6).

Proof of Theorem 2.2. The proof follows from the Theorem 2.1 and the calculation of MISE.

Proof of Theorem 2.5. The proof follows from the Theorem 2.1 and the book of Prakasa Rao
(1983).

4. Conclusion

In this paper researcher uses the good property of minimizing quadratic form (or least squares
method) to construct a general KRE. We know that the asymptotic bias and variance of the
proposed estimator are very easy to calculate in this paper for estimating m @(d=1). By Theorem
2.3-4, the proposed estimator can help us to solve the problem of boundary effects underlying the
bounded domain of the regression curves. And the kernel function cannot give any required. The
proposed estimator can be improved the KRE of Mack and Miiller (1989). The rate of convergence
of m@(x; h) is achieved O(n"?P*2-24/2p+3)) for all x € [a, b](or real line) and d = 1,2, ...p2 1. In
practice, the function of f(x) is unknown, the proposed estimator will be further to estimate in the

future.
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