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It

n_ﬁi_ = (q- l_qz+4p)/22(un)ne2 is alternating."”
is clear that

"(un)nez is alternating3(up) peN is alternating. "

Now, we want to show that

"(up)neN is alternating= BJja=(q~ ,q2+4p)/2_"

Suppose that B/ a #(CI"q?-+4p)/2 , then by theorem 1,

Un4l

Un

not

— g+ C;122+4P >0 as n»w, which implies that (uplpeN is
alternating. By above arguments, we obtain

THEOREM 4 : -g—- = 9 ‘ZJCI“‘-"‘P @(u,) pez is alternating

&(up)peN is alternating.
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Moreover, if n€0, take V0=12=( é 9 ), then

u u '
UV0=U=( 2 1) s, hence (***) is true for n=0,.
uj ug .

Now suppose that (***) is true for some negative integer k, that

i y u
18 Uvk= (“k+2 k+1 ) . then
Uk+l Uk
4 Uk+2 Ue+1,,0 1/py uksl (ugip-qup,y)/p
uvk-l-gvky-1 - ( )( . -( )
Yral Y SR e (e mae /e
=(uk+1 Yk ), hence (***) is true for all neZ -

Uk Uk-1

Therefore, we have the following

LEMMA 2 : If U=(u2 “1),V:(q 5) » then

U ug p 0
u u
Uvn=( n+2 n+l ) for all n eZ,

Up+l Up

Now since u u 5
|UVn|=i n+2 n+l |=un+2un‘un-+1
Unsel Up

u

and L u =l 3‘% ug |=uzug-ui® = (8*-qag-pa?)/p,

IVnI=IV|n =(-p)?, hence we have

THEOREM 3 : For n e Z, up,pup-{(ug,.1)3=(-1)Bpi-1(B?-q @ g-pa?)

Now if B/a =(q- lq2+4p)/2,that is, up=suj, then
B?-qag-pa? =0, hence by theorem 3, {un,1)%= uy,pu,, thus by
lemma 1 of this part, up#0 for all keZ. Hence (u,)nez is a
geometric progression with ration B /a=(g- Jq_ZT4p)/2<O,

thus, (uplpez is alternating. By now, we have
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n-2_.n-2 n-2_-n-2 - '
wpoy = BT ERTESRTE (%)
I-s r-s

Now if ruj-up#0, thon|r/s|P~150 as n+-os, hence

up - (r-s(r/s)Puy + ((r/s)P Lol ruj-u;
=
Un4l (rs—rs(r/s)n“l)ul + ((r/s)n‘lr-s)uz Isuj-sup
1 2

= = — 45 DN—r—=a
s Q"‘q +4p

If ruj-uz=0, then by (**), we know that

up (rn'l—sn'.l)uz + (rsn—l—rn_ls)ul (rn_rn—ls)ul
up.1 (rP-sP)uy + (rsP-rBs)ug = (xB+1rng)y,
= A - -2

r T q+Jqi+4p
Hence

u, 2

TP T as N o, -0 .
Un+l qtq*+4p

In this time, we have the following

s u
THEOREM 2 : If ruj-up#0, then lim _ D _ _2
e Up,.} q«Jq +4p

Un 2
if ruj-up=0, then lim =

! Un+l q+fq?+4p

uz uj q 1 _
Now if we let U={ ) V=( ) where uO=u_2..c£Jl

uj uo P 0

it can be proved by mathematical induction that for neN,

UvR= ( n+2 fntl ) .......... (F**)

Un+l Up

P

»
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If u2—5u1¥0 » then

upsl  ((TP-sP)uz + (rgh-rBg)yy)/(r-s)

(( 21 -s2-1yuy + (sl rn-lg)uy)/(r-s)

Up
_ (r-sP)suj+ (rsP-rPs)u;
(zP-1 gDl ysy; + (rst-1_rn-1g)y,
_ (rst-shtl )y, -5 = q-Ja*+4p
(rsb-1 _snyuy 2
Hence
u - 2
n+1 . q Jq +4p as N, 00 .
up 2

Up to now, we have the following

. Un+l
THEOREM I : If up-suj#0, then lim 777 =
n-»« u
n
1i Up+l  9-da®+4p
i - = 1m =
if up-sujy=0, then el
n 2
Now if n#0, then from (*) , we have that
(un_l—r‘lun) = S'l(un—r‘lun+1),
= s7%(ups1-t"lup,p)
= gh 2(11]_—1"_11.12)
Therefore,
un_l—r‘lun = sP=2(up-r~luy),
r'l(un—r'lun+1) = r'lsn“l(ul—r‘luz),
1’_2(‘J-n+1—r‘1un_,_2) = r*zsn(ul—r_luz),

rn’l(uo—r‘1u1)= r_n‘ls“l(ul—r'"luz).

Adding the above equations, we obtain that

Y o

2



we only have to take r,s to be the solutions of the equation
X2-gX-p =0
Without loss of generality, let r=(q+ jq%+4p)/2,
s=(q- Ja?+4p)/2. '
Now for positive integer n, we have from (%) thﬁt
Untl T Up =s( up-T up_p)
=s2(up1 T W p)
=s0=1 (uy - ru; )
Hence, Upe1-t Uy =sP-1 (g, -ruy)
r{up-Tun 7 ) =rsn‘2('u2~ ruy)
T2 (up_1~Tup.2)=r?sP=3(up- ruy)
rn_z(u3—rU2) =rn"25(u2 - ruj) . .

Adding the above equations, we obtain that

Upe1 - ™l uy = (sBlapgn=2 4 2gn-3, | 4r n-2g) (up-ruy)
or
rh_gn rsi-rilg
Un4l=s —— Uz + ——— u] .
-5 r~s

Now if up-suj#0, then since

s (q-Ja*+dp)/2
0<|— = <1
T (a+[q2+4p)/2

thus (s/r)n'l—)O as n-—eo,

Hence
U1 ((rP-s™)up + (rsP-rPs)ujy)/(r-s)
Uy ) ((rn‘l—sn‘l)uz + (rsh-l_pn-1s)upl)/(r-s)
(r-(s/1)2Ts)uy + ((s/1) lrs-rs)u;
i (1-(s/)2 Ly, + ((s/r)Plros)yy
Tup-rsuy q'*W
> = r = ————— as n —v o™

uz—sul 2
3
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1. DEFINITIONS

In this paper, we want to extend the idea of the general-
ized Fibonacci sequence to a complicated way as the following:

Let uj=0d, up=f be two arbitrarily complex numbers not
both zeros, let p and q be positive reals.

Define uy.,1=pun-1 +quy for neZ. It is clear that up,1=f 41
if p=q=1, where fi=a, fp=g, and f,,; =f,+fp,1 for neZ .[4].

We also define that the extended Fibonacci sequence (uy)pez

is alternating if un,3/up¢0 for all neS, where S=Z or S=N.

2. LEMMAS AND THEOREMS

LEMMA 1 : In the extended Fibonacci sequence ( Uy Jnezs
uy = 0 for at most one keZ,

PROOF : Suppose that up,=up=0 for some mp>k, then uyp_j#0,
for otherwise u,=0 for all neZ, contradicts to the choice of uj
and up. Now we see that up,1=pup_j , Up,2=Pquyx_1, Ug;3=(p*+
PQ?)Uk ] secnneanns In general, up=uyp_] times some positive real,

hence in particular, up=up_; times some positive real, this cont-

radicts to the assumption that u=0, Therefore, up=uy=0 for
some myk is impossible, This completes the proof.
As a consequence of the above lemma, it is meaningful

to consider

Un+l ) Up
lim and Iim
respectively,

"

Now in order for the defining equation " up,j=puy_j+qupg
to be of the form

(upy] - T up ) = 8 Uy = T Up ] )evecnnoennans *
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On Fihonacci Sequence

KUO-TSAI CHANG

ABSTRACT

In this paper, we want to consider some properties of
the sequence defined by uj=9, upz=g, U,,1=pu,_j+qu,, where neZz,
oand B be two arbitrarily comﬁlex numbers not both zeros; and P,
a be. positive reals. -

The most remarkable results are:

q+J qQ?+4p q—l q®+4p

Un+l = if 8 - a # 0
lim z 2
N> . U.n
qa-] q*+4p q-) a*+4p
= —— if g -—— a =0
2 2
2 q+’ qZ+4p
S —— if B-— o 0
q-[q?+4p 2
lim up
N~-co Upy ] 2 q+JEZi-IP—
= — if 8 -—— a =0
q+[ q?+4p 2 :
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